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For vector spaces over certain algebraic fields, homogeneous function& 
which are derivable from multilinear forms are characterized by an identity 
involving two-dimensional subspaces. The quadratic case is the “parallelogram 
law” which distinguishes Hilbert spaces among Banach spaces. 
A theorem of Jordan and von Neumann [l] characterizes Hilbert 
spaces as those Banach spaces whose norms satisfy the “parallelogram 
law,” 
II x + Y II2 + II x - y /I2 = 2 II x II3 + 2 II y !12; 
a remarkable feature of this law is that it is expressed entirely in terms 
of the structure of two-dimensional subspaces. Other such charac- 
terizations of Hilbert spaces are discussed in [2]. We deal with the 
related problem of characterizing those homogeneous functionals of 
degree rz. which are derivable from n-linear forms. 
Throughout, F,, will denote a prime field, n a natural number less 
than the characteristic of F, , and Fr the field of nth roots of unity 
over & . F will denote an extension field of FI and V a vector space 
over F. 
THEOREM. Let F be a separable algebraic extension of FI , and let q 
be a homogeneous functional of degree n on V. Then a necessary and 
sufficient condition for the existence of an n-linear mapping f: Vn + F 
such that 
is that 
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the sum taken over all n-th roots of unity 8. Moreover, should such f exist, 
then its symmetric part is given by 
n 
n%!fsym(v1 ,..., v,) = C’ (e, .‘. f,)-lq c e,voi , 
1 t i=l 
(3) 
C’ denoting a sum over all n-tuples (19, ,..., 0,) of n-th roots of unity. 
The necessity of (2) and of (3) follow from the observation that the 
kth power sum of the nth roots of unity is n or 0 as n does or does not 
divide k. Before proving the sufficiency of (2), we show by counter- 
example that if n > 2 and dim(V) > 2, then the hypothesis that F be 
algebraic over FI is essential. Let F contain the transcendental element t. 
There then exists an algebraic basis of F over FI containing t; this 
defines a derivation D = djdt on F over FI . Let x, y,..., be a basis 
of V over F, and define the functional q by 
q(ax + by + ...) = bn-2(bDa - aDb); 
then (2) is satisfied, since all nth roots of unity are in the ground field 
FI and consequently have vanishing derivatives. Were there an f 
satisfying (1) however, it would follow from (3) by an easy computation 
that 
fsym(tx + ty, y,..., Y) = n-l, 
and by an easier computation that 
f&m+ + Y,Y,.**, Y> = 0, 
so that fs,, and consequently f is nonlinear over F. 
LEMMA. Let n be a natural number not exceeding the (possibly injinite) 
characteristic of the jield K, and let L be a separable algebraic extension 
of K. Let V be a vector space over L, and let f: Vn + L be n-linear over K. 
Then for f to be n-linear over L, it is necessary and sujicient that f be 
homogeneous of degree n over L. 
Necessity is obvious. Assume therefore that f is homogeneous of 
degree n over L, and expand both sides of the identity 
(1 + 4)nf(v1 ,.**, v,) = fh + 4v, ,..., v, + a+bJ 
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for a in K and C$ in L, using the linearity off over K on the right and 
the binomial theorem on the left: 
results, where s, denotes the sum of all expressions 
with exactly k of the C#Q equal to + and the remaining n - k of them 
equal to I. By virtue of the homogeneity of f, the terms of degree n 
cancel and we are left with an equation of degree less than n satisfied 
by at least n values of a; the expression therefore vanishes identically, 
so that 
(4) 
for k = O,..., n. 
Now define the operator X on all mappings of P into L by the 
equation 
Xg(s ,...> %) = g(+l,~, ,'.., v,); 
also define s,,‘, So’,..., sT1’ recursively: 
so’ = S” ) 
sic+1 = SAC+1 - XS,’ for k = O,..., n - I. 
Using (4), an induction argument shows that 
Xks, = jjl (” - 11 T F - ‘) (- l)j +k-jsj’ 
j=O 
for all k > 0, so that for every polynomial Q over K, 
(72 - l)! Q(X) so = (d/&)+1 )Q(t)y 
j=O 
p-l-+1)? sjJ/ = 
t m 
z g; (” r, ‘) Q’“‘(d) G’“-l-k’(t) 1 , 
t=4 (5) 
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where 
n-1 
G(t) = c tn-i(-l)j si’. (6) 
j=O 
Now let P be the minimal polynomial of 4 over K. Taking Q equal 
to pn-1 pn-2 , P successively in (5), and using the fact that P’(4) # 0, 
we obtiin in’zder, G(+) = 0, G’(4) = O,..., G(n-2)($) = 0. Therefore 
G(t) = so’(t - +>“-I; 
comparing this with (6), we obtain 
SIC1 =
n-l ( 1 b 4”so’* 
Using (4) and the recursive definition of the s,‘, 
xs, = Sl - s,’ = nq5so - (n - 1) c#so’ = $so ,
proving that F is linear over L in its first argument. The same reasoning 
shows that f is linear over L in its remaining arguments. 
To complete the proof of the theorem, assume (2) and take f equal 
to fsym as defined by (3). F rom the homogeneity of q, we have 
expanding (+r + *.’ + $,)m by the multinomial theorem, (2*;1) sums 
C’ result, all but one of which vanish. The nonvanishing sum is 
n! C’ q(v), from which (1) is evident. 
Because of the lemma, it suffices to show that f is n-linear over F, ; 
inasmuch as the latter is a prime field, this amounts to showing that 
f is additive in each of its arguments. Write C” for a sum over all 
(a + I)-tuples (& ,..., I&+~) of nth roots of unity. Now if 4i and & 
are nth roots of unity, then 
if 4% y= C? 9 
otherwrse, 
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SO that n”n!f(v, ,..., v~-~, w + X) can be written as 
= n-l y (41 .‘. LlhL+l)-l~ /x1 hi + dnw + A&+,x’ 
2-l ) 
Because of (2), the first and last terms are equal to 
and 
respectively. Since 
C’ (41 .” dn)Y dw> = C’ ($1 ... AL-l d4 = 0, 
the additivity off in its last argument will be established by showing 
that 
for k = 2,..., n - 1. To this end, for each fixed value of rjn , replace &. 
by 4&j forj = n - k + l,..., n - 1, obtaining 
C” (41 .‘. Cn-11-l A2i14 [y +ivi + 4% [ y 
2=1 i=n--&+1 
4ivi + w] + Qn+lx); 
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using (2), this becomes 
The first sum has the factor x&L1 and the second has the factor 
C 4;‘; hence they both vanish. The additivity (and therefore the linearity) 
off in its first n - 1 arguments is proven in the same way. 
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